We develop a general method for customizing the intensity statistics of speckle patterns on a target plane. By judiciously modulating the phase-front of a monochromatic laser beam, we experimentally generate speckle patterns with arbitrarily-tailored intensity probability-density functions. Relative to Rayleigh speckles, our customized speckles exhibit radically different topologies yet maintain the same spatial correlation length. The customized speckles are fully developed, ergodic, and stationary: with circular non-Gaussian statistics for the complex field. Propagating away from the target plane, the customized speckles revert back to Rayleigh speckles. This work provides a versatile framework for tailoring speckle patterns with varied applications in microscopy, imaging and optical manipulation. 
INTRODUCTION
Speckle formation is a phenomenon inherent to both classical and quantum waves. Characterized by a random granular structure, a speckle pattern arises when a coherent wave undergoes a disorder-inducing scattering process. The statistical properties of a speckle pattern are generally universal -commonly referred to as Rayleigh statistics-featuring a circular-gaussian distribution for the complex-field joint probability density function, and a negative-exponential intensity probability density function (PDF) [1] [2] [3] [4] . Typically, non-Rayleigh speckles are classified as either under-developed (sum of a small number of scattered waves or the phase of these waves not fully randomized) or partially-coherent (sum of incoherent partial waves) [5] [6] [7] [8] [9] [10] [11] [12] [13] . In both cases, the diversity of the intensity PDF's functional form is limited.
There has been a plethora of interest in creating speckle patterns with tailored statistics [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] due to their potential applications in structured-illumination imaging; for example: dynamic speckle illumination microscopy [24, 25] , super-resolution imaging [26, 27] , and pseudo-thermal light sources for highorder ghost imaging [28] [29] [30] . Furthermore, a general method for customizing both the statistics and topology of laser speckle patterns would be a valuable tool for synthesizing optical potentials for cold atoms [31] , microparticles [32] [33] [34] [35] , and active media [36] [37] [38] .
Recently, a simple method of creating non-Rayleigh speckle patterns with a phase-only spatial light modulator (SLM) was developed [17] . High-order correlations were encoded into the field by the SLM, leading to a redistribution of the light intensity among the speckle grains in the far-field. In this method, the speckle pattern could either possess an intensity PDF with a tail decaying slower or faster than a negative-exponential function. It was not known, however, if it was possible to have an intensity PDF of any functional form, such as increasing with intensity, or double-peaked at specific values.
In this work, we present a general method for tailoring the intensity statistics of speckle patterns by modulating the phase front of a laser beam with a SLM. Starting with a Rayleigh speckle pattern, we numerically apply a local intensity transformation to obtain a new speckle pattern which is governed by a target PDF. Subsequently this pattern is experimentally generated in the far field of the SLM, where the requisite phase modulation is determined numerically via a nonlinear optimization algorithm. Via this process, we can create speckle patterns governed by arbitrary intensity PDFs: within a predefined intensity range of interest. Such speckle patterns exhibit distinct topologies relative to Rayleigh speckles, but retaining the same spatial correlation length. A thorough study on the statistical properties reveals that the speckles are of a new kind: which has not been reported before. Despite being fully-developed, ergodic, and stationary, the joint complex-field PDFs of the speckle patterns are circular non-Gaussian; with higher-order intensity moments differing from those of Rayleigh speckles. Both intensity statistics and speckle topology evolve with beam propagation away from the target plane, wherein the speckle patterns eventually revert back to Rayleigh speckles. This work provides a versatile frame-work for customizing speckle patterns for varied applications in microscopy, imaging and optical manipulation.
EXPERIMENTAL SETUP AND METHOD
In our experiment, a reflective, phase-only SLM (Hamamatsu LCoS X10468) is illuminated with a linearly-polarized monochromatic laser beam at the wavelength λ = 642 nm (Coherent OBIS). The laser beam is expanded and clipped by an iris to uniformly illuminate the SLM phase modulation region. The central part of the phase modulating region of the SLM is partitioned into a square array of 32 × 32 macro-pixels, each consisting of 16 × 16 pixels. The remaining illuminated pixels outside the central square diffract the laser beam away from the target plane via a phase grating. The SLM is placed at the front focal plane of a lens, f = 500 mm, and the intensity pattern at the back focal plane is recorded by a charge-coupled device (CCD) camera (Allied Vision Prosilica GC660). The laser beam incident upon the SLM is linearly polarized and the incident angles on the camera are too small to introduce a significant polarization component in the axial direction. Thus the light waves incident on the camera can be modeled as scalar waves. To a good approximation, the field pattern on the camera chip is the Fourier transform of the field of the SLM surface.
Next we describe how to determine a target speckle intensitypattern governed by an arbitrary intensity-PDF. When a Gaussian random phase pattern is displayed on the SLM, the intensity pattern recorded by the camera is a Rayleigh speckle pattern, as shown in Fig. 1(a) . We numerically perform a local intensity transformation on a recorded Rayleigh speckle pattern which converts it into a speckle intensity-pattern governed by the desired PDF, F(Ĩ). The intensity PDF of the Rayleigh speckle pattern, P(I) = exp[−I/ I ]/ I ], can be related to the target PDF F(Ĩ) by:
This relation is the starting point for determining the local intensity transformationĨ = f (I), which is applied to the intensity values of a Rayleigh speckle pattern to create a new speckle pattern with the desired PDF. To solve for the specific intensity transformation associated with the PDF F(Ĩ), we write Eq. 1 in integral form with I = 1:
Evaluating the integrals and solving forĨ as a function of I gives the desired local intensity transformationĨ = f (I). In addition to altering the intensity PDF, such a transformation provides the freedom to regulate the maximum or minimum intensity values of the transformed pattern. We may arbitrarily setĨ max orĨ min , as long as the following normalization conditions hold:
Such regulatory ability is useful for practical applications such as speckle illumination, where without altering the total power of illumination the maximal intensity value can be set below the damage threshold of a sample or the minimum intensity value can be set to exceed the noise floor.
The local intensity transformation is typically nonlinear and therefore produces spatial frequency components that are higher than those in the original pattern: and therefore outside the range of spatial frequencies accessible in the experiment. Nevertheless, these components can be removed from the intensity pattern by applying a digital low-pass Fourier filter: where the allowed frequency window is a square. The high frequency cut-off of the filter is determined by the average value of the maximum spatial-frequency component present in Rayleigh speckle patterns generated by our setup. The resulting filtered-pattern, however, will have an intensity PDFF(I) slightly deviating from the target one F(Ĩ). Such deviations can be eliminated by applying an additional intensity transformationĨ =f (I) that is obtained from
The process of performing a local intensity transformation, and subsequently applying a digital low-pass Fourier filter, can be iteratively repeated as the conventional Gerchberg-Saxton method [39] until the target PDF is obtained for a speckle pattern obeying the spatial frequency restrictions. Repetition of this procedure with different initial Rayleigh speckles creates a set of independent intensity patterns which possesses the same PDFs. It is important to note, however, that certain PDFs cannot be generated in our experiment because of the finite range of spatial frequencies (See supplementary information for more detail).
Having created the intensity patterns with the desired PDF, the next step is to determine the phase pattern on the SLM to generate the target pattern on the camera. Assuming the SLM consists of a N × N array of macro-pixels, a discrete Fourier transform gives a N × N array of independent elements, each representing a speckle grain. To avert the effects of aliasing and uniquely define the spatial profile measured by the camera, it is necessary to sample the speckle pattern at or above the Nyquist limit. This means every speckle grain should be sampled at least twice along each spatial axis. Thus the N × N speckles generated on the camera chip must be sampled by at least 2N × 2N points. We note that the 2N × 2N intensity array contains correlations between adjacent elements.
Because the phases on the SLM are transcendentally related to the intensity values on the Fourier plane, there is no closed form solution for the N 2 independent phases of the SLM macropixels to generate the 4N 2 partially correlated intensity values of the target speckle pattern. Thus, we have to find the solution numerically. To facilitate the convergence to a numerical solution, we reduce the controlled area in the camera plane to the central quarter of N 2 , denoted the target region, and neglect the remaining three quarters, denoted the buffer zone. Experimentally we record the speckle pattern well above the Nyquist limit with the CCD camera: ∼ 10 camera pixels per speckle grain along each axis. Such over-sampling does not affect the solution due to spatial correlations within individual speckle grains.
Experimentally the Fourier relation between the field reflected off the SLM and that in the camera plane is only approximate, and we characterize the precise relation by measuring the field transmission matrix (T-matrix). In addition to encapsulating the experimental imperfections induced by optical misalignment, SLM surface curvature, lens aberrations, and nonuniform laser illumination of the SLM, employing the transmission matrix provides a general formalism that can be adapted to other setups (e.g., holographic optical tweezers [40] ) or to tailor the speckle statistics at a different plane than the Fourier plane. In this work, the T-matrix is measured with a common path interference method akin to those in [41] [42] [43] . Briefly, the phase modulating region of the SLM is divided into two equal parts. We sequentially display a series of orthogonal phase patterns on one part while keeping the phase pattern on the second part fixed. Simultaneously, we record the resulting interference patterns on the camera. Subsequent to this, we exchange the role Fig. 1 . A Rayleigh speckle pattern (a) and customized speckle patterns with distinct intensity statistics (b-e). In the top row, each pattern has the size of 504 µm by 504 µm, and the maximum intensity is normalized to 1. The associated PDF, shown in the lower row, is uniform (b), linearly increasing (c), peaked at a non-zero intensity (d), bimodal (e), within a predefined range of intensity. The red solid curves are experimental data, the blue dashed curves are from numerically generated target speckle patterns. Both are the result of spatial and ensemble averaging over 50 independent speckle patterns.
of each part and repeat the measurement. Using all the interference patterns we can construct a linear mapping between the field on the SLM and the field on the camera: the T-matrix. The measured T-matrix only slightly deviates from a discrete Fourier transform. Using the measured T-matrix, we find the requisite phase pattern on the SLM with a nonlinear-optimization algorithm [44, 45] . Numerically we minimize the difference between the target intensity pattern and the pattern obtained by applying the T-matrix to the SLM phase array. Starting with the SLM phase pattern that generates the original Rayleigh speckle, the algorithm converges to a solution for the SLM phase array which generates a given intensity pattern in the target region of the camera plane.
CUSTOMIZED SPECKLE PATTERNS
Examples of experimentally generated speckle patterns with customized intensity statistics are shown in Fig. 1 (b-e) with I normalized to 1. In (b) the speckle pattern was designed to have a uniform intensity PDF, over the predefined intensity range of I = 0 and 2. This example illustrates that it is possible to create speckle patterns with non-decaying PDFs in addition to confining the speckle intensities within a finite range. Taking this one step further in (c), we first make the PDF increase linearly with intensity P(I) = I, then have it drop rapidly to zero above the specified threshold of I = √ 2. To demonstrate that our method is not restricted to monotonic functions, in (d) we create a speckle pattern with a unimodal intensity PDF given by sin[( π 2 )I] 2 between I min = 0 and I max = 2. To further increase the complexity of the speckle statistics, (e) shows an example of a bimodal PDF (see the supplementary material for more information).
In all cases, the experimentally generated speckle patterns possess intensity PDFs which follow the target functional form over the intensity ranges of interest and converge to zero, quickly, outside. Small deviations between the experimental PDFs and the target ones are caused by error in the T-matrix measurement due to experimental noise and temporal decorrelations. We modeled these effects and numerically reproduced the deviations (see the supplementary material for a full description of our model). Our model describes why the deviations are stronger at higher intensity values or where the PDF varies rapidly with intensity.
Additionally Fig. 1 illustrates how the topology of the customized speckle patterns changes in accordance with the PDF. The spatial intensity profile of a Rayleigh speckle pattern in (a) can be characterized as a random interconnected web of dark channels surrounding bright islands. Conversely for speckles with a linearly increasing PDF in (c), the spatial intensity profile is an interwoven web of bright channels with randomly dispersed dark islands. Similarly the spatial structure of speckles with a bimodal PDF in (e) consists of interlaced bright and dim channels. The topological changes in the customized speckles result from the local intensity transformation and digital low-pass Fourier filtering (see the supplementary material for details). The continuous network of high intensity in the customized speckle pattern, which is absent in the Rayleigh speckle pattern, will be useful for controlling the transport of trapped atoms or microparticles in optical potentials.
STATISTICAL PROPERTIES OF CUSTOMIZED SPECKLE PATTERNS
In this section, we analyze the statistical properties of the customized speckle patterns to illustrate their stark difference relative to previously studied speckles.
We start by verifying that the speckle patterns are fully developed and the phase distribution Φ(θ) of the generated speckle fields is uniform over a range of 2π. To find Φ(θ), we use the measured transmission matrix and the SLM phase patterns to recover the fields associated with the intensity patterns recorded by the CCD camera. Figure 2 Next, we check whether additional spatial correlations are introduced into the customized speckle patterns, relative to Rayleigh speckles. To this end, we calculate the 2D spatial correlation function of the speckle field: C E (∆r) = Ẽ (r)Ẽ * (r + ∆r) / Ĩ . As shown in Fig. 2(b) , the customized speckles have a similar field correlation function as a Rayleigh speckle pattern. This means the way we tailor the speckle statistics does not affect the spatial field-correlation function. Furthermore, the 2D spatial intensity-correlation function, C I (∆r) = ( Ĩ (r)Ĩ(r + ∆r) − Ĩ 2 )/( Ĩ 2 − Ĩ 2 ), plotted in Fig. 2(c) for the four customized speckles, has the same width as a Rayleigh speckle pattern. Hence, we can manipulate the speckle intensity PDF without altering the spatial correlation length.
Similar to the Rayleigh speckles, the customized speckle patterns have the same width for |C E (∆r)| 2 and C I (∆r) , as shown in Fig. 2(d) . Relative to |C E (∆r)| 2 , however, C I (∆r) exhibits small oscillations on the tail. These are attributed to the low-pass Fourier filtering of the intensity pattern, which we use to remove the high spatial frequency components introduced during the nonlinear transformation of a Rayleigh speckle pattern. For confirmation of this, we applied the digital low-pass Fourier filter to Rayleigh speckle patterns and the same oscillations appeared in the spatial intensity correlation function, shown in Fig. 2(c) . Now we investigate whether the generation of tailored speckle patterns can be described statistically as a stationary and ergodic process. For a target intensity PDF, we numerically create 2500 speckle patterns consisting of 2500 speckle grains each. Fig. 2(a,b) shows the results for the bimodal PDF. In (a), the intensity PDF obtained for each of the 2500 ensembles is invariant as a function of ensembles, indicating the speckle patterns are stationary. In (b), the ensemble-averaged intensity PDF for individual spatial positions in the speckle patterns is also invariant as a function of spatial position and statistically identical to (a), demonstrating the ergodicity of the speckle patterns. Figure 3(c) shows the joint complex-field PDF of the bimodal speckles is circular non-Gaussian, in contrast to the circular Gaussian PDF of Rayleigh speckles. Circularity reflects the fact that the amplitude and phase of the speckle field E -at a single point in space-are uncorrelated [2, 4] . Figure 3(d) shows the joint PDF P(I 1 , I 2 ) for two speckle intensities at locations separated by more than the average speckle grain size. Because P(I 1 , I 2 ) = P(I 1 )P(I 2 ) (see the supplementary material), the two intensities are statistically independent, which is consistent with the spatial correlation length of speckle intensity. The other types of customized speckle patterns display similar characteristic, and the results are presented in the supplementary material.
The non-Gaussian statistics of the tailored speckle patterns also emerge in their high-order intensity moments, I n = ∞ 0 I n P(I)dI, which differ from those of Rayleigh speckles: shown in Table 1 . For the case of Rayleigh speckles generated by a Gaussian-random process, the high-order moments are related by I n = n! I n [3] . For the customized speckles, I n deviates from n! I n , because of high-order correlations among the partial waves that generate these patterns [17] .
AXIAL PROPAGATION
Finally, we study how the tailored speckle patterns evolve as they propagate axially. Our method gives the target PDF for speckle patterns on the Fourier plane of the SLM. Outside of the Fourier plane, however, the intensity statistics and topology may change. In the case of a Rayleigh speckle pattern, the spatial pattern changes upon propagation while the intensity PDF remains a negative exponential. We define R l as the axial correlation length of the intensity pattern, which corresponds to the Rayleigh range and gives the longitudinal length of a single speckle grain.
The top row of Fig. 4 shows the axial evolution of speckles that have a linearly increasing PDF at the Fourier plane z = 0 in (a). As the speckle pattern propagates to z = R l /5, the PDF becomes bell-shaped in (b). With further propagation, the maximum of the PDF migrates to a smaller intensity value, as shown in (c) for z = (2/5)R l , until it reaches I = 0. The speckles revert to Rayleigh statistics at z ≈ R l , beyond which the PDF maintains a negative exponential, as shown in (d) for z = (10/7)R l . The topology of the speckle pattern evolves together with the intensity PDF: the interconnected web of bright channels first attenuates upon propagation, then breaks into islands with dark channels forming.
In Fig. 4 (e-f) , we show the axial evolution of a speckle pattern with a bimodal PDF at z = 0 in (e). As the pattern propagates to z = R l /5 in (f), the peaks are asymmetrically eroded, with the high intensity peak diminishing first. Further propagation to z = (2/5)R l results in a unimodal PDF in (g). Once the axial distance z exceeds R l , the speckles return to Rayleigh statistics, as shown in (h) for z = (10/7)R l . A corresponding change of speckle topology is seen: the bright channels disappear first, then the dim channels fracture, while neighboring dark islands merge to form channels. Therefore, axial propagation, within the range of R l , alters the intensity PDF functional form and the speckle topology.
CONCLUSION
In conclusion, we have presented a general method for customizing speckle intensity statistics using a phase-only SLM. The generated speckle patterns possess radically different intensity PDFs and topology relative to Rayleigh speckles. However, they are fully developed speckles which maintain the basic characteristics of stationarity and ergodicity. Their unusual statistical properties engender a new type of speckle pattern with nonGaussian statistics. Our method is versatile and compatible with a broad range of optical setups. Given the plethora of potential applications, it paves the way for new directions in both fundamental research (many-body physics in random optical potentials with tailored statistics) and applied research (speckleillumination-based imaging and speckle optical tweezers). Fig. 6 . The statistical distribution of (I e − I d )/ √ I d , extracted from the experimental data (symbols), is fit well by the Gaussian distribution G(I e , I d ) in Eq. 7 (lines). The fitting parameter is given by a = 0.020 for the uniform PDF (black), a = 0.019 for the linearly increasing PDF (red), a = 0.037 for the PDF with a single peak (blue) and a = 0.029 for the bimodal PDF (green).
Therefore, the normalized expression for G(I e , I d ) is
where K 1 is the Bessel function of the first kind. The probability density function of the measured speckle intensityF(I e ) is equal to the target distribution F(I d ) convolved with the error function G(I e , I d ) in Eq.(8): The convolution corresponds to an averaging of F(I d ) over adjacent values of I d . Consequently, the measured PDFF(I e ) displays more discrepancy in the region where F(I d ) changes rapidly. Since G(I e , I d ) is wider at larger I e , the averaging effect is stronger, leading to a larger error at higher intensity. These effects are confirmed in Fig. 7 , where we plot Eq.(9) for the four PDFs shown in Fig. 1 of the main text. For the uniform and linear increasing PDFs in (a) and (b), the abrupt drop in F(I d ) at the upper boundary of the intensity range is smoothed out inF(I e ). In (c), the single-peaked PDF has relatively small error, although the deviation from the target PDF is clearly larger at higher intensity. For the bimodal PDF in (d), the peak at larger intensity is suppressed more due to stronger averaging effect, and the fine features around the dip in between the two peaks are removed by averaging.
TOPOLOGICAL CHANGE OF SPECKLE PATTERNS
As shown in Fig. 1 of the main text, the topology of the customized speckle patterns is distinct from that of Rayleigh speckle. The change in speckle topology is caused by a combination of the local intensity transformation and the digital low-pass Fourier filtering. One example is given in Fig. 8 . The original Rayleigh speckle pattern in (a) has a maximal probability-density of vanishing intensity, leading to the dark channels surrounding bright islands in the spatial profile of the speckle pattern. Application of a local intensity transformation to make the PDF increase linearly with intensity and then rapidly converge to zero above a threshold results in the speckle pattern shown in (b). Due to the enhanced probability-density of high intensity and reduced probability-density of low intensity, the bright grains are enlarged while the dark channels are narrowed. The application of a digital low-pass Fourier filter severs the narrow dark lines in between the bright grains. After iterating the process of a local intensity transformation followed by a low-pass filter, neighboring bright grains are merged to form channels that encompass dark islands.
STATISTICAL PROPERTIES OF CUSTOMIZED SPECK-LES
In the main text we show the statistical properties of the speckle patterns with a bimodal intensity PDF. In this section, we present the results for other types of customized speckles shown in Fig.  1 of the main text.
In Figure 9 , we demonstrate that the generation of customized speckle patterns can be described by a stationary and ergodic process, for the uniform intensity PDF in (a,b), the linearly increasing intensity PDF in (c,d), and the unimodal intensity PDF in (e,d). Numerically we generate 2500 target speckle intensity patterns, each consisting of 2500 speckle grains, for each of the three customized intensity PDFs. The left column is the plot of spatial-averaged intensity PDF for each of the 2500 ensembles. For comparison, the right column is the plot of ensembleaveraged intensity PDFs for each spatial position in the speckle patterns. Because the three intensity PDFs in the left column are invariant with respect to different ensembles, the speckles are stationary. Because the three intensity PDFs in the right column are invariant with respect to different spatial positions and they are statistically equivalent to the ones in the left column, the speckles are ergodic. Fig. 9 . Left column (a,c,e): the spatially averaged intensity PDF of 2500 individual speckle patterns customized to have the same intensity PDF. Right column (b,d,f): the ensembleaveraged intensity PDF -within the area of a single speckle grain-for each spatial position in the same set of speckle patterns. The speckle intensity PDF is uniform in (a,b), linearly increasing in (c,d), and unimodal in (e,d). All the customized speckle patterns are stationary and ergodic. We set I = 1. Figure 10 demonstrates that the complex-fields of the customized speckle patterns possess circular non-Gaussian statistics. The joint complex-field PDF P(Re[E], Im[E]) for the speckle field E is plotted for the case of a linearly increasing intensity PDF in (a), a uniform intensity PDF in (b), a unimodal intensity PDF in (c). For reference, (d) shows the circular-Gaussian PDF of Rayleigh speckles. We average both spatially and over 100 speckle patterns for each figure, and apply a low-pass Fourier filter to remove the noise. The circularity indicates not only that the phase of speckles' field is fully randomized and distributed uniformly across [0, 2π], but also that the phase and amplitude of the speckles' field at any position are statistically uncorrelated. Figure 11 shows that the joint PDFs for two intensities at spatial positions separated by approximately one speckle grain size are independent for the customized speckle patterns. The left column is the plot of P(I 1 , I 2 ) and the right column P(I 1 )P(I 2 ) for the intensity PDF that is linear increasing in (a,b), uniform in (c,d), unimodal in (e,f), and bimodal in (g,h). PDF are obtained by averaging over space and 100 speckle patterns. The average speckle grain size is given by twice the width of the spatial intensity correlation function, and is ≈ 60µm. Because P(I 1 , I 2 ) is equal to P(I 1 )P(I 2 ) in all cases, the two intensities are statistically independent, which is consistent with the spatial intensity correlation length. Additionally, the phases of two speckle fields at spatial positions separated by more than one speckle grain size are independent for all customized speckle patterns, consistent with the spatial field correlation length. Fig. 11 . Joint PDFs P(I 1 , I 2 ) for two intensities I 1 and I 2 at spatial positions separated by approximately one speckle grain size (left column) and the product P(I 1 )P(I 2 ) (right column) for speckles customized to have a linearly increasing intensity PDF in (a,b), a uniform intensity PDF in (c,d), unimodal intensity PDF in (e,f), and a bimodal intensity PDF in (g,h). Since P(I 1 , I 2 ) is equal to P(I 1 )P(I 2 ), the two intensities I 1 and I 2 are statistically independent. We set I = 1.
